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The purpose of this paper is to give a ``universal'' construction of Hopf algebras
over any commutative ring. The mod-p Steenrod algebras are all examples of this
construction; other examples of Hopf algebras related to the mod-p Steenrod
algebras are also produced. Then we give an argument to produce deformations of
these Hopf algebras via ``twisting.'' The techniques of this paper are, in a way,
``scheme-theoretic,'' producing many rather complicated Hopf algebras, only a few
of which are studied in any detail here; however, we hope to return to the study of
some of these Hopf algebras in future work. Q 1998 Academic Press
1. DEFORMATIONS OF HOPF ALGEBRAS
 .Suppose that k is a commutative ring with 1, and that A, i, e , D, S is a
Hopf algebra over k. Here, i is the unit, e the counit, m the multiplication,
D the comultiplication, and S the antipode of A. An n-parameter deforma-
ª ª ª ª .tion of A is a topological Hopf algebra A , i, m , e , D , S over theh h h hª ªww xx   .power series ring k h where h s h , . . . , h is a set of n commuting1 n
.indeterminates such that
ª ª
ª . ww xx ww xxa A is isomorphic to A h as a topological k h -module;h ª ª
ª ª .b m ' m mod h, D ' D mod h.h h
ª ªTwo deformations A and B of the same Hopf algebra A are equi¨ a-h h ª
ª ª ª ww xxlent if there is an isomorphism f : A ª B of Hopf algebras over k hh h hª
which is the identity mod h.
 w x .We are using the notation and definitions of 2 .
ªWe are assuming that the unit and counit of A are obtained by simplyh
extending those of A, so that there will be no difference in the notation
ªfor these maps, whether considered on A or on A . Note thath
ª ª ª
ª ªÃww xx ww xx ww xxD : A h ª A h m A hh kww h xx
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and that
ª ª ª
ª ªÃww xx ww xx ww xxm : A h m A h ª A h ;h kww h xx
ªÃthe completion indicated by ``m'' is the h-adic completion. We will also
ªww xxmake the natural identification of k h -modules
ª ª ª
ªÃww xx ww xx ww xxA h m A h ( A m A h .kww h xx k
without further comment.
ªThe tri¨ ial n-parameter deformation of A is the deformation where m ,hª ª
ª ª ww xx ww xxD , and S are obtained by extending m, D, and S k h -linearly to A h .h h
In other words,
ªª ª ªª ª ªa a aqbª ªª ª ªm a h m b h s m a m b h , .   h a a a b /ª ª ª ªa a a b
ª ªªa aª Ãª ªD a h s D a h . h a a /ª ªa a
and
ª ªª ªa a
ª ªS a h s S a h . . a a /ª ªa a
ª  .Here and elsewhere, a s a , . . . , a is a multi-index of nonnegative1 nªªa a a1 nintegers and h s h ??? h .1 n
 .   .If B is any topological Hopf algebra over a commutative topological
.ring , with comultiplication D and antipode S , define the set of group-B B
like elements of B as
< 4G B s b g B y 0 D b s b m b . 4 .  .B
 w x.We know that see, e.g., 8
 .  .a G B is a monoid with respect to the multiplication in B, with
 .  .identity the unit 1 of B; in particular, for all b g B, bS b s e b 1.B
 .b For every b g B, we have
D S b s S b m S b , .  .  . .B B B
 .  .  .so S b g G B if S b does not equal zero.B B
 .  .  .  .c If b g G B and e b s 1, then S b is the inverse of b in theB
 .monoid G B .
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The proof the following lemma is immediate.
 .LEMMA 1.0.1. Let B be a topological Hopf algebra o¨er a commutati¨ e
 .topological ring R, with antipode S and comultiplication D . We denoteB B
the multiplication in B by juxtaposition.
 .  .  .  .  .i If a, b g G B , then D a y b s a y b m a q b m a y b .B
 .  .  .  .  .ii If a, b g G B are such that e a s e b s 1, then S a y b sB
 . .  .S a b y a S b .B B
 .iii Suppose that e, e, g, and g are grouplike elements of B. Let z and zÄ Ä Ä
in B satisfy
D z s z m g q g m z .B
and
D z s z m g q g m z . .Ä Ä Ä Ä ÄB
Then
D ze y ze s ze y ze m ge q ge m ze y ze .  .  .ÄÄ ÄÄ ÄÄB
q ze m ge y ge q ge y ge m ze. .  .ÄÄ ÄÄ ÄÄ ÄÄ
 .  .iv Suppose that z, z, e, e, g, and g are as in iii and that,Ä Ä Ä
 .  .  .  .  .  .furthermore, e z s e z s 0 and e e s e e s e g s e g s 1. ThenÄ Ä Ä
S ze y ze s yS ge ze y ze S ge y S ze ge y ge S ge .  .  .  .  .  . .ÄÄ ÄÄ ÄÄ ÄÄB B B B B
y S ge ge y ge S ge zeS ge . .  . .  .ÄÄ ÄÄ ÄÄB B B
 .Let t be an indeterminate. If B is any topological Hopf algebra over a
commutative ring, with coalgebra map D , then a cur¨ e o¨er b in B is anB 0
 . ` i ww xx  . nelement g t s  b t of B t such that D b s  b m b foris0 i B n js0 j nyj
every n. A curve over 1 is also called a di¨ ided power sequence in B. The
set of curves in B is naturally a monoid under ordinary power series
multiplication.
Notice that if A is the trivial one-parameter deformation of A, then0
the monoid of curves in A is naturally isomorphic with the monoid of
grouplike elements in A . The isomorphism is obtained by setting the0
``curve parameter'' t equal to the ``deformation parameter'' h.
Similarly, one may define multiparameter cur¨ es o¨er b , where B is any0
Hopf algebra over a commutative ring, and b g B.0
Given one grouplike element of a deformation of A, we may form many
other as follows.
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LEMMA 1.0.2. Suppose t is an indeterminate different from the indetermi-
ª ª.  . ww xxnates h , . . . , h , and commuting with these . Let p h g k h be a power1 n
series with no constant term. Then
ª
ª ª . ww xx   ..   ..i The function e¨ : A t ª A defined by e¨ j t s j p h isp h h pªww xxa k h -algebra homomorphism.
ª . ww xxii If A t is the tri¨ ial one-parameter deformation of the Hopfh
ªalgebra A , then e¨ is a homomorphism of topological Hopf algebras o¨erh pªww xxk h .
ª .  .Proof. i follows from the fact that A is isomorphic to , as ahª ªww xx ww xxtopological k h -module, A h . Thus it makes sense to speak of the
ª
ª ªh-adic topology on A , and furthermore, we have that A is complete withh hª
ªww xxrespect to this topology. Since k h is also a central subalgebra of A , weh
ª  .may evaluate power series over A at elements of the ideal h , . . . , h ofh 1 nªww xxk h , and this is an algebra homomorphism.
 .Similarly, ii follows from the definition of the trivial deformation, and
ªww xx  .the fact that we are tensoring over k h at least , and the completeness
ª
of everything in sight with respect to the h-adic topology.
A special case of the lemma above is
ªCOROLLARY 1.0.3. Let A be the tri¨ ial one-parameter deformation ofh, 0ª
ª  .A . Then if p h is as abo¨e,h
ª ªe¨ : G A ª G A .  .p h , 0 h
is a homomorphism of monoids.
ª
ª .Suppose that a, b g G A . Write a y b as a power series in h:h
ªªa
ªa y b s x a, b h , . a
ªa
ª .  .ªwhere x a, b g A for every a . Define I a, b to be the two-sided ideala
 .ªof A generated by the x a, b .a
 .THEOREM 1.0.4. Let a, b g G A , where A is the tri¨ ial n-parameter0 0
 .  .  .deformation of A; suppose also that e a s e b s 1. Then I a, b is a Hopf
ideal in A.
ª ªª ªa a
ª ª ª ª ª ªProof. Let a s  a h and b s  b h , where a and b are in Aa a a a a a
ªfor every a .
ªªa .ª ªWriting a y b s  x a, b h , the equationa a
ªD a y b s a y b m a q b m a y b .  .  .h
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becomes
ªªa
ªD x a, b h . . a
ªa
ª ª ª ªª ª ª ªa a a a
ª ª ª ªs x a, b h m a h q b h m x a, b h .  .   a a a a /  /ª ª ª ªa a a a
ªªaª ªª ªs x a, b ma q b m x a, b h ; .  .  g b g b /ª ªª ªa gqbsa
ªthis implies that, for every a ,
ª ªª ª ªD x a, b s x a, b m a q b m x a, b , .  .  . . a g b g b
ªª ªgqbsa
 .which implies that I a, b is a coideal in A.
 .Now, let S be the antipode for A and by extension for A . Writing out0
 .  .the equation of Lemma 1.0.1 ii above, we see also that I a, b is invariant
under S:
ªa
ªS x a, b h s S a y b s S a b y a S b .  .  .  .  . . a
ªa
ª ª ªa a a
ª ª ªs y S a h x a, b h S b h .  .  .  a a a /
ª ª ªa a a
ªaª ª ªs y S a x a, b S b h . . .  .  b a g / /ª ª ªa ª ªbqdqgsa
Comparing like coefficients, we get the desired result.
More generally, suppose that a and b are as above, but we have a
ª .  .  .  .factorization a s ge and b s ge in G A , such that e g s e e s e gÄÄ Äh
ª .  .  .s e e s 1. Let z, z be elements of A such that e z s e z s 0, andÄ Ä Äh
ªD z s z m g q g m z , .h
ªD z s z m g q g m z . .Ä Ä Ä Ä Äh
ª
Write ze y ze as a power series in h:ÄÄ
ªªa
ªze y ze s z z , e, z , e h , .ÄÄ Ä Ä a
ªa
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 .  .ªwhere z z, e, z, e g A for every a . Let I g, g, e, e, z, z be the two-sidedÄ Ä Ä Ä Ä Äa
ª ª .  .ªideal of A generated by the x a, b and the za z, e, z, e , for every a .Ä Äa
ªTHEOREM 1.0.5. Suppose that A s A is the tri¨ ial deformation of A;h 0
 .and a, b, g, e, z, g, e, and z are as abo¨e. Then I g, g, e, e, z, z is a HopfÄ Ä Ä Ä Ä Ä
ideal of A.
Proof. One does calculations like those of the previous theorem based
 .  .directly on properties iii and iv of Lemma 1.0.1, noting that ge s a andÄÄ
ge s b. For example, to show that I is a coideal in A, we write a, b andÄÄ
a y b as power series exactly as in the previous theorem, and expand
 .ze y ze as above. Then, using properties iii of Lemma 1.0.1, we haveÄÄ
ªD ze y ze s ze y ze m a q a m ze y ze .  .  .ÄÄ ÄÄ ÄÄh
q ze m a y b q a y b m ze. .  .ÄÄ ÄÄ
So,
ªªa
ªD z z , e, z , e h .Ä Ä . a
ªa
ªªaª ª ª ªª ªs z m a q a m z q w m x q x m w h ,   /g b g b g b g bÄ Ä
ª ©ªa Äbqgsa
ª
ªwhere w is the b th coefficient of ze. Comparing like coefficients, we seeÄÄb
ª .ªthat D z is an element of A m I q I m A, for every a .a
2. EXAMPLES
Let U be the free associative algebra over Z on a countably infinite set
 4X s X , X , . . . , X , . . . ; for the convenience, set X s 1. Then U is a1 2 n 0
Hopf algebra over Z with respect to the diagonal defined by
n
D X s X m X . . n i nyi
is0
The counit e is the map taking a polynomial in the noncommuting
variables X to its constant term. The values of the antipode S of U mayi
be inductively computed using the formulas
n n
S X X s X S X s 0, .  . i nyi i nyi
is0 is0
 .which hold for all n ) 0. For example, S X s yX . Notice that since U1 1
is cocommutative, S2 s id, so that S is invertible and is equal to its own
inverse.
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ww xxLet U s U h , h be the trivial two-parameter deformation of U. Let0 1 2
ww xxa , b , d , g be any four power series in Z h , h with no constant term.1 2
 . ` i  .  .  .  .Let f t s  X t ; f t is clearly a curve in U . Thus, f a , f b , f d ,is0 i 0
 .  .  .  .  .  .and f g are in G U ; this implies that a s f a f b and b s f d f g0
 .are also in G U . By the theorems in the previous section, the coefficients0
of the element
f a f b y f d f g .  .  .  .
 .  .in U generate a Hopf ideal J a , b , d , g , f in U, so that UrJ a , b , d , g , f0
is a Hopf algebra over the integers.
There is of course nothing special about having only two variables. In
ww xx  .particular, if U z , z , . . . , z is the trivial N q 1 -parameter deforma-0 1 N
tion of U, and a , b , d , and g are any four power series in z , z , . . . , z0 1 N
with no constant term, then the coefficients of
f a f b y f d f g .  .  .  .
generate a Hopf ideal of U.
We have deliberately not assigned a grading to the elements X so far,i
but one may do this, as follows: choose an integer K, not equal to 0, and
 .assign deg X s Ki. Then U becomes a graded Hopf algebra over thei
integers. We only point out that the multiplication on U m U that we want
to use is not the graded multiplication
 .  .deg b deg ca m b c m d s y1 ac m bd .  .  .  .
but the standard multiplication
a m b c m d s ac m bd . .  .  .
If the reader does not like this, he or she may use only even degrees for
.the X 's.i
In any case, if one graded U, then we should impose a further condition
on the elements a , b , d , g above; namely, that they are all homogeneous
polynomials of the same degree. In this case, the generators that define
 .  .J a , b , d , g , f are homogeneous elements of U, and if J a , b , d , g , f is0
the homogeneous two-sided ideal generated by these homogeneous ele-
 .ments, we see that in fact J a , b , d , g , f is a graded Hopf ideal in U, and0
 .that UrJ a , b , d , g , f is a graded Hopf algebra over the integers.0
EXAMPLE 2.0.6. Let
a s h , b s h , d s h , g s h .1 2 2 1
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 . w xThen UrJ a , b , d , g , f s Z X , . . . , X , . . . , the polynomial ring in the1 n
 .commuting indeterminates X , . . . , X , . . . , with coalgebra map D X s1 n n
n X m X .is0 i nyi
 .Let L Z be the free abelian group on the countably infinite set of
 .  .generators T , T , . . . , T , . . . , grade L Z by setting deg T s i. Put a ring1 2 n i
 .structure on L Z by the formula
i q j
T T s T .i j iqj /j
 .In other words, L Z is the divided polynomial ring on one generator over
 .the integers. Also, L Z is a Hopf algebra with comultiplication defined by
i
D T s T m T . . i j iyj
js0
EXAMPLE 2.0.7. Suppose that N G 2 is a fixed integer, and z , z , . . . , z0 1 N
 .are N q 1 commuting indeterminates. Assign deg X s i, and let a s zi 0
q z q ??? qz , b s z , d s z q z q ??? qz , g s z . Then UrJ , in1 Ny1 N 1 2 N 0 0
 .the case, is isomorphic as a Hopf algebra to L Z .
The proof of this is as follows. Define a surjective homomorphism of
Hopf algebras
u : U ª L Z .
by
u X s T . .i i
The ideal J is generated by the coefficients of the power series0
i ij jX X z q ??? qz z y X X z q ??? qz z , .  . i j 0 Ny1 N i j 1 N 0
i , j i , j
which by the multinomial theorem is equal to
i i i j0 Ny1X X z ??? z z i j 0 Ny1 Ni ??? i /0 Ny1i , j i q? ? ?qi si0 Ny1
i j j j1 Ny X X z ??? z z . i j 1 N 0j ??? j /1 Ni , j j q? ? ?qj si1 N
Comparing coefficients of the monomial z t0 z t1 ??? z tN for any appropriate0 1 N
 .t , . . . , t , we see that J is generated by the quadratic polynomials0 N 0
t q ??? qT t q ??? qt0 Ny1 1 NX X y X X ,t q ? ? ? qt t t q ? ? ? qt t0 Ny1 N 1 N 0 /  /t ??? t t ??? t0 Ny1 1 N
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 .for every t , . . . , t . However, one may quickly prove by induction that, in0 N
 .L Z ,
p q ??? qp1 rT T . . . T s T .p p p p q ? ? ? qp1 2 r 1 rp ??? p /1 r
Thus the quadratic polynomials generating J above are all sent to zero via0
u . On the other hand, there is a homomorphism of abelian groups from
 . L Z to UrJ defined by T ¬ X . We use the symbol X for both the0 i i i
.generator X of U and its image in UrJ . This homomorphism is a ringi 0
homomorphism, since in UrJ , letting t s t s ??? s t s 0, and t s0 0 2 Ny1 1
i, t s j, we see thatN
i q j
X s X X .iq j i j /i
 .EXAMPLE 2.0.8. Assign deg X s i, and leti
a s h2 q h h , b s h2 , d s h2 q h h , g s h2 .1 1 2 2 2 1 2 1
 .  .Then we set UrJ a , b , d , g , f s A Z , the integral ¨ersion of the mod-20 2
Steenrod algebra.
w xAccording to Bullett and Macdonald 1 , the reduction mod-2 of this
algebra over the integers is the mod-2 Steenrod algebra A . This algebra2
w xwas also studied in 9 .
 .  .EXAMPLE 2.0.9. Assign deg X s 2 i p y 1 , where p is any prime. Leti
a s h p q h py1h q ??? qh h py1 , b s h p ,1 1 2 1 2 2
d s h p q h h py1 q ??? qh py1h , g s h p .2 1 2 1 2 1
 . e¨  .Then we set UrJ a , b , d , g , f s A Z , the integral ¨ersion of the e¨en0 p
part of the mod-p Steenrod algebra.
w xAgain, according to Bullett and Macdonald 1 , if p is an odd prime, the
reduction mod-p of this algebra is the mod-p Steenrod algebra modulo the
Bockstein.
 .EXAMPLE 2.0.10. Fix a positive integer N. Assign deg X s 2 ix ,i N
where x is an integer depending on N. For example, if N s p is an oddN
prime, we might let x s p y 1; this would correspond to the traditionalp
.grading for the Steenrod algebra. Let
a s hN q hNy1h q ??? qh hNy1 , bshN ,1 1 2 1 2 2
d s hN q H hNy1 q ??? qhNy1h , gshN .2 1 2 1 2 1
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 .Then, again, UrJ a , b , d , g , f is a Hopf algebra over the integers,0
e¨  .which we call A Z .N
In the next example, we take quotients of an extension of U. Let ­ be a
symbol different from, and not commuting with, any of the symbols
X , X , . . . . Let U be the free associative algebra over the integers on the1 2 ­
symbols ­ , X , . . . , X , . . . modulo the two-sided ideal generated by ­ 2.1 n
 .Grade U by setting deg X s 2 ix as in the previous example and­ i N
 . deg ­ s 1. Now, on U m U we use the graded multiplication! Note that­ ­
this means we use this multiplication on U m U throughout all the­ ­
.definitions of algebra and Hopf algebra.
 .We may then make U into a Hopf algebra by setting D ­ s ­ m 1 q 1­
m ­ . The graded multiplication on U m U ensures that the two-sided­ ­
ideal generated by ­ 2 in the free associative algebra is a coideal, so that
this definition makes sense. The symbol ­ corresponds to the Bockstein
.operator in the Steenrod algebra.
Let U be the trivial two-parameter deformation of U with parameters­ , 0 ­
h , h as above. Suppose a , b , d , g are as in the previous example; let1 2
 .  .  .  .g s f a , e s f b , g s f d , e s f g , set a s ge and b s ge. Finally, setÄ Ä ÄÄ
 .  .z s h ­ g y g­ and z s h ­ g y g­ . Naturally we consider all of theseÄ Ä Ä2 1
as elements of U . One may verify:­ , 0
 .i Using Lemma 1.0.2, g, e, g, e, z, z all satisfy the properties ofÄ Ä Ä
the elements with the same names in Lemma 1.0.1, even with the graded
multiplication on U m U ! This is because the coefficients of all the­ ­
grouplike elements are of even degree.
 .ii Because the coefficients of all the grouplike elements have even
degree, the conclusions of Lemma 1.0.1 remain true as well. For example,
 .performing a piece of the computation proving part iii of Lemma 1.0.1, if
ª ª ªª ª ªa a a
ª ª ªg s  g h , e s  e h , and z s  z h , where we assume that all of thea a a ª .ww xxcoefficients of g and e have even degree, then in U m U h ,­ ­
ª ª ª ªª ª ª ªa a a a
ª ª ª ªz m g e m e s z h m g h e h m e h .  .    a a a a /  /
ª ªª ªªaqbqdqgª ªªs z m g e m e h .  .    a b d g
ª ª ª ªa a gd
ª ªª ªªaqbqdqgª ªª ªs z e m g e h , .    a d b g
ª ª ª ªa gb d
since the coefficients of e have even degree. In other words,
z m g e m e s ze m ge. .  .
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Thus we may use Theorem 1.0.5 to conclude that the ideal of Theorem
1.0.5 is in this particular case a Hopf ideal.
This allows us to exhibit
 .EXAMPLE 2.0.11. Let A Z be the quotient of the Hopf algebra UN ­
 .with graded multiplication on U m U by the two-sided ideal generated­ ­
by the coefficients of the two power series
f hN q hNy1h q ??? qh hNy1 f hN .  .1 1 2 1 2 2
y f hN q h hNy1 q ??? qhNy1h f hN .  .2 1 2 1 2 1
and
h ­ f hN q hNy1h q ??? qh hNy1 .2 1 1 2 1 2
yf hN q hNy1h q ??? qh hNy1 ­ f hN .  ..1 1 2 1 2 2
yh ­ f hN q h hNy1 q ??? qhNy1h .1 2 1 2 1 2
yf hN q h hNy1 q ??? qhNy1h ­ f hN . .  ..2 1 2 1 2 1
 .Then A Z is a Hopf algebra.N
 .If N s p is an odd prime, then the mod-p reduction of A Z is a theN
w xmod-p Steenrod algebra, by the work of Bullett and Macdonald 1 .
In fact, there is another ``generalization'' of the Steenrod algebras,
which one may construct as follows:
 .EXAMPLE 2.0.12. Let A Z be the quotient of the Hopf algebra UN ­
 .with graded multiplication on U m U by the two-sided ideal generated­ ­
by the coefficients of the two power series
Ny1 Ny1N Nf h h y h f h y f h h y h f h .  . .  . .  .1 1 2 2 2 1 2 1
and
Ny1 Ny1 Nh ­ f h h y h y f h h y h ­ f h .  .  . .  . /2 1 1 2 1 1 2 2
Ny1 Ny1 Ny h ­ f h h y h y f h h y h ­ f h . .  .  . .  . /1 2 1 2 2 1 2 1
 .Then A Z is a Hopf algebra.N
 .Again, if N s p is an odd prime, then the mod-p reduction of A Z isN
w xthe mod-p Steenrod algebra by 1 .
 . If k is any commutative ring with 1, then U k s U m k the freeZ
 4 .associative algebra on the set X , . . . , X , . . . over k is a Hopf algebra1 n
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over k, with the same diagonal map as above, and we may define Hopf
e¨  .algebras A k following the procedure in the above examples.N
EXAMPLE 2.0.13. Suppose that k is a commutative ring. Suppose that q
 .is an element of k. Assign degree X s i in U k . Leti
a s qh , b s h , d s h , g s h .1 2 2 1
 .  .  .Then U k rJ a , b , d , g , f is a Hopf algebra with coalgebra map D X0 n
s n X m X .is0 i nyi
i j  .  .  .  .In this example, the coefficient of h h in f a f b y f d f g is1 2
i q X X y X X . Thus, in the quotient algebra using the symbol X for thei j j i j
 . .generator of U k and its image is the quotient algebra ,
q jX s X ,j j
for all j. Depending on what sort of ring k is, and what sort of element q
is, we get various sorts of Hopf algebras here. For example, if k is a field,
q / 1 and qi / 1 for all i ) 0, then in the quotient, X s 0 for all j; thisj
quotient is the trivial k-algebra k.
On the other hand, if k is a field and q is a primitive r th root of 1 in k,
then the only generators remaining in the quotient are X , X , . . . ,r 2 r
X , . . . ; also the equationnr
X X s q m rX X s X Xm r nr m r nr nr m r
which holds in the quotient, for every m and n, shows that the quotient is
w xthe polynomial ring k X , X , . . . on the commuting indeterminatesr 2 r
X , X .r 2 r , . . .
However, if, for example, k s Z and q s 2, the quotient algebra is
commutative, with nonzero elements in every degree; also, every positive
degree element in the quotient is torsion.
EXAMPLE 2.0.14. Suppose that k is a commutative ring, and that q is
 .  .an element of k. Assign deg X s i in U k , and leti
a s h2 q qh h , b s h2 , d s h2 q qh h , g s h2 .1 1 2 2 2 1 2 1
 .  .   .Then U k rJ a , b , d , g , f is a Hopf algebra with coalgebra map D X0 n
n .s  X m X .is0 i nyi
As the reader can see, there are many possibilities.
We return to give just a few more somewhat different types of examples
than the above and finally, at the end of this section, we give an initial
discussion of example 2.0.10.
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 .The special thing about U and the curve f t in the above lies in the fact
 .that U represents ``curves over 1,'' f t being the prototypical curve over 1.
For a discussion of curves, why U ``represents'' curves and the importance
w xof curves in the theory of formal groups, we refer the reader to 7 ; this is a
big book and a big topic, however! In this paper we will not address the
connection between Hopf algebras and formal groups.
 .More generally, in fact, if A is any Hopf algebra over k, and f t s
` i  . a t is any curve in A, then we get a Hopf ideal J a , b , d , g , f in A,is0 i
exactly as above: by taking the coefficients of the element
f a f b y f d f g .  .  .  .
ww xx  .in A h , h regarded as the trivial deformation of A as generators. The1 2
ww xxpower series a , b , d , and g are, as before, in k h , h and have no1 2
constant term. Notice that in order to use Theorem 1.0.5, f must be a
 .curve which is the same as a grouplike element .
Here is another specific example. We use the definitions and theorems
w x  .of 7 . Let p be a prime number, and let U s U Z . Grade U by p.  p.  p.
 . ` isetting degree X s 2 i p y 1 . If z s  z t is any curve over 1 in U ,i is0 i  p.
 .such that degree z s 2 i p y 1 for every i, there exists a unique homo-i
morphism of graded Hopf algebras
Ãz : U ª U p.  p.
Ã Ã .such that z X s z for every i. Thus the image of z is a graded Hopfi i
subalgebra of U which we shall call U . Notice that z is also a curve p.  p., z
in U . p., z
w x  w xAccording to 7 the basic references in 7 for these results are two
w xpapers by Ditters 3, 4 ; however these papers contain some gaps which
w x.have been corrected and improved by Scholtens in her thesis 10 , there
 .exists a p-pure cur¨ e in the Hopf algebra U : this is a curve E t s 1 q p.
` E t i over 1 in U such thatis1 i  p.
 .  .  .a degree E s 2 i p y 1 , for every i,i
 .b U is the subalgebra of U generated by the elements p., E  p.
E s X , E , E 2 , . . . , E n , . . . .1 1 p p p
Now we get a lot more Hopf algebras!
EXAMPLE 2.0.15. Let A s U , where E is a p-pure curve as above. p., E
Let the polynomials a , b , d , g be as in, say, Example 2.0.9 above. Then
the coefficients of
E a E b y E d E g .  .  .  .
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generate a Hopf ideal of U , and we have a new Hopf algebra over Z p., E  p.
by taking the quotient.
Even though we are particularly interested in these examples, these
Hopf algebras seem quite complicated, and a discussion of them will be
deferred to future work.
Notice that the Hopf ideals in all the examples above are ``quadratic''
ideals in some sense. We may get ``higher-order'' ideals by replacing the
element
f a f b y f d f g .  .  .  .
by elements
Ä Ä Äf a f a ??? f a y f d f d ??? f d . .  .  .  .  .  .1 1 2 2 m m 1 1 2 2 m m
ÄHere, the f s and the f s must be curves, and the a s and d s power seriesi i i i
over k with no constant term. Again, the f s must be curves grouplikei
.elements in order to use Theorem 1.0.5. One may build even more
general Hopf ideals as well.
The rest of this section is devoted to a discussion of Example 2.0.10.
w xDiscussions of some other examples will be deferred to a later paper 6 .
The ``generating function'' for the graded Hopf ideal J in U by this we0
mean that the coefficients of the paper series generate the ideal in
.question is the power series in U0
` `
iN Ny1 Ny1 N iX h q h h q ??? qh h X h . i 1 1 2 1 2 i 2
is1 is0
` `
iN Ny1 Ny1 N iy X h q h h q ??? qh h X h . . i 2 1 2 1 2 i 1
is0 is0
First, make a change of variables: set h s x and h s xy. In other1 2
.words, we are ``dehomogenizing.'' Thus the above ideal generated by the
coefficients of the polynomials
k
iNy1 Nkyi.X X 1 q y q ??? qy y . i kyi
is0
k
iNy1 iy X X 1 q y q ??? qy y , . i kyi
is0
for all k G 0.
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It will be convenient for our calculations to expand the powers of
1 q y q ??? qy Ny1 in the following way. If b G 0 is an integer, we may
write
`1
rs h y , rb1 y y . rs0
b q r y 1where h s , for every r G 0.r  /r
Also, if a G 0 is an integer,
b sbaq1 aq1. s u1 y y s y1 y s j y , . .   u /s
sG0 uG0
where
¡0, a q 1 ¦ u , .
b~j s  .ur aq1u <uy1 , a q 1 u. .  . 0¢ a q 1
¨  aq1.  ..bThus, the coefficient of y in 1 y y r 1 y y is
b
 .ar aq1 b q ¨ y a y 1aj a, b s y1 , .  .¨  /¨ y a 0 .agS a , ¨ a q 1
where
S a, ¨ s a g Z 0 F a F ¨ , a q 1 a . 4 .  .
Notice:
 .a. j a, b s 1, for every a, b.0
1, ¨ s 0, .  . b. j a, 0 s j 0, b s for every a, b.¨ ¨ 0, ¨ ) 0,
b .  .c. j 1, b s , for all ¨ , b.¨ ¨
1, ¨ F a , . d. j a, 1 s for every a.¨ 0, ¨ ) a ,
 .  .e. j a, b s 0 if ¨ ) ab; j a, b s 1.¨ ab
b q ¨ y 1 .  .f. j a, b s , if ¨ - a q 1.¨ ¨
Now, write
`
iNy1 ¨1 q y q ??? y s j N y 1, i y . . .  ¨
¨s0
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Thus the polynomials above may be rewritten as
X X j N y 1, i y¨qN kyi. .  i kyi ¨
iG0 ¨G0
y X X j N y 1, i y iq¨ . .  i kyi ¨
iG0 ¨G0
Let T G 0, and write down the coefficient of yT in the above, yielding
that the generators of the ideal J are0
X X j N y 1, i . i kyi TyNkyi.
iG0
y X X j N y 1, i , 2.0.16 .  . i kyi Tyi
iG0
for every k G 0 and every T G 0.
e¨  .Now, let us pass to the quotient A Z of U; we denote the image of XN i
in the quotient by the same symbol X .i
 .If T - N, then j N y 1, b s 0, unless q s 0. So, for every k, andTyNq
every T such that 0 F T F N y 1, we have
X j N y 1, k s X X j N y 1, i . .  .k T i kyi Tyi
iG0
But, also, T - N implies that T y i F N if i G 0; thus we have using facts
.about the j s noted above :¨
k q T y 1 T y 1X s X X ,k i kyi /  /T T y i
iG0
for every k G 0, and every T such that 0 F T F N y 1.
This gives immediately the following lemma:
 . e¨  .LEMMA 2.0.17. For e¨ery i G 0, X X s i q 1 X in A Z .1 i iq1 N
Proof. Note that N G 2, so 1 F N y 1. The desired result follows from
 .writing down the generators in 2.0.16 in the case T s 1.
In fact, more generally, we have:
LEMMA 2.0.18. If k - N, then for e¨ery i such that 0 F i F k,
kX X s Xi kyi k /i
e¨ .in A Z .N
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Proof. Let 1 F i - k. Suppose that, for every a such that 0 F a F i,
kX X s X .a kya k /a
Then
i
k q i iX s X X q X Xk a kya iq1 ky iq1. /  /1 q i i q 1 y a
as0
i
iks X q X X k iq1 ky iq1. /  /a i q 1 y a
as0
k q i ks y X q X X .k iq1 ky iq1. /  /i q 1 i q 1
Thus,
kX s X X .k iq1 ky iq1. /i q 1
We also have the following theorem:
THEOREM 2.0.19. For e¨ery N G 2, there is a surjecti¨ e homomorphism of
Hopf algebras
u : A e¨ Z ª L Z .  .N
 .such that u X s T for e¨ery i.i i
Proof. This is a direct consequence of the following simple fact: there
is a ring homomorphism
w x w xU z , z , . . . , z ª U h , h0 1 N 1 2
defined by
z ¬ hNy ihi .i 1 2
 .Since we may define L Z by the coefficients of the power series
f z q ??? qz f z y f z q ??? qz f z .  .  .  .0 Ny1 N 1 N 0
e¨  .and A Z is defined by the coefficients of the power seriesN
f hN q ??? qh hNy1 f hN y f hNy1h q ??? qhN f hN , .  .  .  .1 1 2 2 1 2 2 1
the desired result follows.
 .  .Thus, in a certain sense, ``as N ª `, A Z ª L Z .''N
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 .Notice that we would have to regrade L Z for every N in order to get a
homomorphism respecting the grading in the above theorem.
For the rest of the section, we specialize even further to the case N s 2.
w  .  .x  .Let C s A Z , A Z be the commutator ideal of A Z . This is a2 2 2
 .homogeneous two-sided deal in A Z .2
 .LEMMA 2.0.20. For e¨ery i G 0 and j G 0, in A Z we ha¨e2
i q j
X X ' X mod C.i j iqj /j
Proof. We prove by induction on i: For all j G 0,
i q j
X X ' X mod C.i j iqj /j
For i s 1, this is implied by Lemma 2.0.17, in the case N s 2.
Now, consider X X , where n ) 1, and we know that, for all i - n andn j
for all b G 0,
i q bX X ' X mod C.i b iqb /b
 .In the basic formulation 2.0.16 for the generators of the ideal defining
 .  .A Z , let T s n and k s n q j and, of course, N s 2 . So, we see that in2
 .A Z ,2
nqjy1
in q jX X s X q X Xn j nqj i nqjyi /  /2 i y 2 j y nn
is0
ny1
iy X X . i nqjyi /n y iw xiG nr2
Now, in the second summand on the right-hand side above, change the
summation index to k, by setting k s i y j:
ny1 j q kn q jX X s X q X Xn j nqj jqk nyk /  /n 2k y nw xkG nr2
ny1
iy X X . i nqjyi /n y iw xiG nr2
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Passing to the quotient modulo C and using induction, we see that
ny1 n q jj q kn q jX X ' X q Xn j nqj jqn /  /  /n j q k2k y nw xkG nr2
ny1 n q jiy X , nq j /  /n y i iw xiG nr2
modulo C. But, one may check that, for every k in the range indicated
above,
n q jj q k n q jks . / /  / /j q k n y k2k y n k
 .  .The following corollary shows that A Z made commutative is L Z .2
 . w  .  .x  .COROLLARY 2.0.21. A Z r A Z , A Z is isomorphic to L Z as a2 2 2
graded Z-algebra.
 .  .Proof. The surjective ring homomorphism u : A Z ª L Z was de-2
 .fined in Theorem 2.0.19; since L Z is a commutative ring, we immediately
get an induced homomorphism
Q : A Z r A Z , A Z ª L Z . .  .  .  .2 2 2
 .  4Since L Z is free as an abelian group on the set T , . . . , T . . . , we may1 n
 .define an inverse homomorphism of abelian groups to Q by the formula
y1Q T s X q A Z , A Z .  .  .i i 2 2
 . w  .  .xin A Z r A Z , A Z . By the above theorem, this function is a homo-2 2 2
morphism of rings.
 .  .COROLLARY 2.0.22. Let u : A Z ª L Z be the homomorphism of2
Theorem 2.0.19. Then u induces an isomorphism of Q-algebras
u m 1: A Z m Q ª L Z m Q. .  .2
 . w xSince L Z m Q is isomorphic as a Q-algebra to the polynomial ring Q T in
one ¨ariable o¨er Q ¨ia the homomorphism T m 1 ¬ T iri!, we ha¨ei
w xA Z m Q ( Q T .2
¨ia the map X m 1 ¬ T iri!.i
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Proof. The inverse to the map X m 1 ¬ T iri! is the ring homomor-i
phism given by T ¬ X m 1: by Lemma 2.0.17 and an easy induction1
argument,
X i s i! X1 i
 .in A Z for every i G 0.2
 .COROLLARY 2.0.23. The set of the torsion elements in A Z is equal to2
w  .  .xthe commutator ideal A Z , A Z .2 2
Proof. One has the following exact sequence of graded abelian groups
 .which are finitely generated in each degree :
0 ª A Z , A Z ª A Z ª L Z ª 0 .  .  .  .2 2 2
 . w  .  .xgiven by the above lemmas. Thus A Z r A Z , A Z is torsion free.2 2 2
Tensoring the exact sequence with the rational numbers we get
0 ª A Z , A Z m Q ª A Z m Q ª L Z m Q ª 0. .  .  .  .2 2 2
Again, by previous lemmas, the right-hand arrow here is an isomorphism,
w  .  .xforcing the left-hand abelian group to be zero. Thus, A Z , A Z con-2 2
sists entirely of torsion elements.
We point out that lemmas similar to some of the above lemmas are also
w xtrue for the mod-2 Steenrod algebra 12 .
Finally, we would like to point out the following interesting fact. Sup-
pose that instead of the homogeneous two-sided ideal J of U generated0
by the coefficients of the generating function
f h2 q h h f h2 y f h2 q h h f h2 , .  .  .  .1 1 2 2 2 1 2 1
we take instead the homogeneous ideal I of U generated by the ``Adem0
 .relations'' for 0 - i - 2 j
w xir2
j y 1 y k
X X s X X ,i j iqjyk k /i y 2kks0
and form the graded Z-algebra UrI . Here, we interpret the binomial0
coefficients as the integers that they in fact are, and use the convention
n . .that is zero if m ) n. Then I is not a Hopf ideal in U, UrI is not a0 0m
Hopf algebra with respect to the induced coalgebra map, and, in fact, UrI0
cannot be isomorphic to UrJ as an algebra. To see this note that the0
Adem relations above imply that
X 2 s 01
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in UrI . Thus, again by considering the possible relations among the0
generators of UrI in degree 1 and 2 implied by the Adem relations0
above, we see that, in degree 1, UrI is a free abelian group generated by0
X and, in degree 2, UrI is a free abelian group generated by X . Thus,1 0 2
the elements of UrI m UrI of degree 2 form a free abelian group0 0
generated by X m X , 1 m X , and X m 1. If the coalgebra map D of U1 1 2 2
descended to give a coalgebra map D for UrI , then on the one hand,0
D X 2 s 0, .1
while on the other,
22D X s 1 m X q X m 1 s 2 X m X .  . .1 1 1 1 1
in UrI . But, as noted above, X m X cannot be a torsion element of0 1 1
UrI m UrI . This also shows that UrI cannot be isomorphic to UrJ as0 0 0 0
a graded algebra, because X is a nonzero element of degree one in UrI1 0
such that X 2 s 0 in UrI , yet no nonzero element of degree 1 in UrJ1 0 0
has square equal to zero in UrJ .0
 .  .One might say if sense could be made of it that A Z represents a2
group scheme over the integers whose reduction mod 2 is represented by
  .the mod-2 Steenrod algebra. Unfortunately, A Z is neither finitely2
generated as an algebra over the integers, nor is it commutative, nor is it
.torsion free; thus this description is not to be taken literally.
3. DEFORMATIONS BY TWISTING
w x  w x.  .According to Drinfel'd 5 see also 8 , a topological quasi-bialgebra Q
 .  .over a commutative topological ring R is an associative topological
Ã R-algebra with 1, with homomorphisms of algebras D: Q ª Q m Q the
.  .comultiplication and e : Q ª R the counit , such that:
Ã Ã . a There exists an invertible element F g Q m Q m Q the Drinfel'd
.associator for Q with
id m D D a s F D m id D a Fy1 .  .  .  . .  . .
and
idm id m D F Dm idm id F s 1mF idmDm id F Fm1 , .  .  .  .  .  .  .  .
for all a g Q.
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 .b There exist invertible elements l, r g Q such that, for all a g Q,
e m id D a s ly1al , .  . .
id m e D a s ry1ar . .  . .
and
id m e m id F s r = ly1 . .  .
The elements l, r in the above definition are called the unit constraints
for Q.
From now on, we delete the word ``topological.''
w x  .Drinfel'd 5, 8 calls a quasi-bialgebra Q notation as above a quasi-Hopf
algebra if there exist an invertible antiautomorphism S of Q and elements
 .a and b of Q which we shall call the ``antipode constraints'' for Q such
 .that if a g Q and D a s  a9 m a0, then
 .  .  .  .  .a  S a9 a a0 s e a a ,  a9bS a0 s e a b
and
 .  . y1  y1 . .  y1 .  y1 . .b  F bS F a F s r l,  S F a F bS Fi 1 i 2 i 3 i i 1 i 2 i 3 i
 .  .y1 y1  y1 .s S r S l , where F s  F m F m F and F s  F mi 1 i 2 i 3 i i 1 i
 y1 .  y1 .F m F .2 i 3 i
The map S will be called the antipode for Q. Actually, Drinfel'd makes
the definition of a quasi-Hopf algebra explicitly only in the case r s l s 1,
but in fact the definition above is implicitly contained in his work.
w xDrinfel'd 5 comments that ``In the definition of quasi-Hopf algebra,
before the words ``there exist'' should probably be inserted ``locally with
 . w xrespect to Spec k .'' We wrote R instead of k in the above. We are not
doing this, because we are primarily concerned with the case that k is a
field or the ring of formal series over a field.'' Since we are not necessarily
interested in working over fields, perhaps Drinfel'd's suggested insertion
should be made.
We broaden our definition of ``deformation'' of a Hopf algebra A to
ªalso allow deformations A that are perhaps only quasi-Hopf algebras. Weh
will refer to such a deformation as a ``quasi-Hopf algebra deformation.''
Here, we discuss various examples of quasi-Hopf algebra of deforma-
 w x.tions obtained by ``twisting'' or ``skrooching'' 11 .
Again, we work over the integers and restrict our attention to U as
ww xxabove. Consider the trivial one-parameter deformation U h of U. Now,
 . ` i  . ` ifix any two curves E t s  E t and F t s  F t over 1 in theis0 i is0 i
ww xx  .  . power series ring U t such that e E s e F s 0 for all i ) 0. If one isi i
w xinterested in working in a graded context, as we will be later in 6 , one
.may make various homogeneity conditions on the E s and F s.i i
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Ã .  . ww xx ww xx  .Let F s E h m F h in the ring U h m U h . Let SE t sE, F Zww h xx
`  . i  . `  . i  .  .  .  . S E t and SF t s  S F t ; note that E h SE h s SE h E his0 i is0 i
 .  .  .  . y1  .  .s F h SF h s SF h F h s 1, so that F s SE h m SF h . Define aE, F
new homomorphism of Z-algebras
Ãw x w x w xD : U h ª U h m U hE , F Zww h xx
by the formula
D X s E h m F h D X SE h m SF h .  .  .  .  .  . .  .E , F i i
s F D X F y1 . .E , F i E , F
THEOREM 3.0.24. D defines a quasi-Hopf algebra deformation of U,E, F
which we will call U E, F. The multiplication, antipode, unit, and counit of
E, F U remain the same as in the tri¨ ial deformation thus are obtained by
.extension from U .
E, F  .  .  .  .The Drinfel'd associator F for U is F s SE h m E h F h SE h
 .  .  .SF h m F h . The elements l, r required in the definition are l s SF h and
 . y1  .  .r s SE h . The elements a and b are a s b s r l s E h SF h .
Proof. In fact, the proof of this theorem is a straightforward enough
calculation, by now essentially standard in the quantum group setting, and
 w x w x w xusually left as an exercise to the reader in, for example, 2 , 8 , 5 , and
w x.11 . However, we write down some details here because it interests us to
do so, and also because we are not in the case r s l s 1. Also, the
calculations do not require U to be a free algebra, but only that U is a
Hopf algebra with respect to D, e , etcetera. So, in fact, we may replace U
by any Hopf algebra, and E, F by any curves in the Hopf algebra.
Since U is a free algebra on the X s we need only check the conditionsn
on each X . Now, we first point out thatn
D j s E h m F h D j SE h m SF h .  .  .  .  .  . .  .E , F
for every element j in U; thus
` `
n nD j h s E h m F h D j h SE h m SF h , .  .  .  .  . .  . . E , F n n /
ns0 ns0
` n ww xxfor every element  j h of U h . Using this, we see thatns0 n
D E h s E h m F h E h m E h SE h m SF h .  .  .  .  .  .  . .  .  .  .E , F
s E h m F h E h SF h , .  .  .  .
D SE h s SE h m F h SE h SF h , .  .  .  .  . .E , F
D F h s E h F h SE h m F h , .  .  .  .  . .E , F
D SF h s E h SF h SE h m SF h . .  .  .  .  . .E , F
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Thus,
n
D X s E h X SE h m F h X SF h , .  .  .  .  .E , F n i nyi
is0
and so
1 m D D X .  . .E , F E , F n
n i
s E h X SE h m E h F h X SF h SE h .  .  .  .  .  .  k lyk
ls0 ks0
2 2m F h X SF h . .  .ny l
On the other hand, a similar computation yields
D m 1 D X .  . .E , F E , F n
n i
2 2s E h X SE h m F h E h X SE h SF h .  .  .  .  .  .  k lyk
ls0 ks0
m F h X SF h . .  .ny l
Conjugating by F above, we get
y1
F D m 1 D X F s 1 m D D X . .  .  .  .  .  . .  .E , F E , F n E , F E , F n
  .  .  . y1Also from now on, we write E h s E, F h s F, SE h s E , and
 . y1 .SF h s F ,
Ey1 m EFEy1Fy1 m EFEy1 m F Ey1 m FEy1Fy1 m EFEy1Fy1 m F .  .
s Ey2 m EFEy2 Fy1 m EF 2Ey1Fy1 m F 2
s 1 m Ey1 m EFEy1Fy1 m F .
= Ey1 m E2FEy1Fy1Ey1 m FEFEy1Fy2 m F .
= Ey1 m EFEy1Fy1 m F m 1 . .
 .Checking the condition for l and r, we have for all n
n
y1 y1 y1 y1e m id D X s e EX E m FX F s FX F s l X l , .  .  .E , F n i nyi n n
is0
similarly
id m e D X s EX Ey1 s ry1 X r . .  .E , F n n n
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Also,
id m e m id Ey1 m EFEy1Fy1 m F s Ey1 m F s r m ly1 . .  .
For the assertion about the antipode, for all n ) 0,
n n
y1 y1 y1 y1 y1 y1EX E EF S FX F s EX E EF FS X F . . i nyi i nyi
is0 is0
n
y1 y1s EX S X F s e X EF , .  . i nyi n
is0
and similarly
n
y1 y1 y1 y1ES X E EF FX F s e X DF , .  . i nyi n
is0
Finally, Ey1EFy1FEFy1Ey1EFy1F s EFy1 s a so that indeed S fur-
nishes the antipode for D .E, F
We also point out that U E, F is ``almost cocommutative'' with ``universal
R-matrix'' equal to FDy1 m EFy1. In fact, one can quickly check that
y1 y1 w xR s FE m EF satisfies the ``Yang]Baxter quantum equation'' 5
R12 R13 R 23 s R 23 R13 R12 ,
12  . y1 y1where by R for example we mean FE m EF m 1.
Returning to consider U, we see that deformations obtained by ``twist-
ing'' in this way have a nice feature: If I is some two-sided Hopf ideal in
ww xx  ` i < 4U, then the two-sided ideal I h s  j h j g I ; i is a quasi-Hopfis0 i i
ideal in U E, F. By this we mean that
Ã E, F E, F Ã .  ww xx. ww xx ww xxa D I h : I h m U q U m I h ,E, F Zww hxx Zww h xx
and
 .  w xx. ww xxb S I h : I h .
This should be clear by inspecting the formulas in the above proof. Thus
E, F ww xxwe have that U rI h is a quasi-Hopf algebra}whose Drinfel'd associ-
ator, unit constraints, and antipode constraints are those obtained from
U E, F. The ``flatness'' property of deformations allows one to conclude that
E, F ww xxTHEOREM 3.0.25. U rI h is a quasi-Hopf algebra deformation of
UrI.
Using this theorem, and making particular choices of the curves E and
F and the ideal I, we get some rather interesting non-coassociative
w xbialgabras, the study of which we defer to 6 .
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In conclusion, we make some remarks about the graded cases. Here, we
 .add the requirement that E and F satisfy the condition degree E si
 .  .degree F s degree X s Ki for every i. Then one can calculate that thei i
n  .coefficients of h in D X have degree Km q Kn; thus it is natural toE, F m
ww xxassign the parameter h the degree yK. We would like to think of U h
w xas the completion of the polynomial ring U h with respect to the degree
 .in h filtration. The ideal I of U above is replaced by a graded ideal I in0
E, F ww xxU. In U rI h , if j is a homogeneous element of UrI of degree r,0 0
n  .the coefficient of h in D j has degree Kn q r.E, F
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